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Abstract

We prove a characteristic-free plethysm formula of the complex SS,¢ for a map of finite free
modules ¢. We also study a family of subcomplexes of a Schur complex, the v-Schur complexes.
Using these machineries from characteristic-free representation theory of general linear group,
we give an example of determinantal ideal of generic symmetric matrix whose second Betti
number depends on the characteristic of the base field. We also give a short proof of Kurano’s
first syzygy theorem.

1991 Math. Subj. Class.: Primary 13C40; Secondary 13D02, 15A69

0. Introduction

Let R be a commutative ring with 1, and n a positive integer. Consider a polynomial
ring S = R[x;;]1 <i<;<» Over R in n(n + 1)/2 variables. Then we can form a generic
symmetric matrix (x;j)1 <; j < » Where x;; = x;; for i <j. Let t be a positive integer. We
denote the ideal of S generated by all t-minors of (x;;) by I,, and call it the determi-
nantal ideal of the generic symmetric matrix (x;;). With letting each variable x;; of
degree one, the polynomial ring § is graded, and I, is homogeneous.

As well as other homological properties, there has been much interest in finding
graded minimal free resolution of §/I, as an S-module. Kutz [19] proved that the ideal
I, is perfect of codimension (n —t + 1)(n —t + 2)/2 (ie, grade I, =pd,S/I, =
(n—1+ 1)(n —t + 2)/2). It follows that if R is Cohen—Macaulay, then so is S/I,. He
also proved that if R is a domain, then so is S/I,. It follows that S/I, is a free R-module
(this is true for R = Z, because each homogeneous component of S/I, is a finitely
generated torsion free Z-module, and the general case follows by base change).
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Goto [8] proved that if R is a Krull domain with the class group C, then so is S/I,
with the class group C@2Z/2Z. Goto [9] also proved that §/I, is Gorenstein if and only
if n —t is even and R is Gorenstein.

In [16], Jozefiak et al. determined Tor?(S/I,, S/S +) completely, provided R is a field
of characteristic zero, where S, = I, is the ideal of § generated by all variables x;;.
Note that the Betti number Bf = dimg Tor$(S/I,, S/S ) is the rank of the ith term of
the minimal free resolution of S/I,.

As we mentioned above, the projective dimension of §/I, depends only onn — t, and
when n — t increases, then so does pdg S/I,. If n — t = 0, then I, is principal, and the
resolution of S/I, is obvious. For the case n — t = 1, the minimal free resolution of §/I,
over the ring of integers Z was constructed by Goto and Tachibana [10] and Jézefiak
[15]. The resolution is t-linear and of length three. Kurano [17] showed that when
n —t = 2, the Betti number SR is independent of R for all i. It follows that there is
a graded minimal free resolution of S/I, over Z this case [20]. The resolution is almost
t-linear, self-dual, and of length six. There is no explicit construction of the resolution
in the literature so far, but the method of [3] is applicable.

However, the construction of minimal free resolution “over Z” is not always
possible. Using the characteristic-free representation theory of general linear groups,
counterexamples on similar question on generic determinantal ideals {11] and Pfaff-
ian ideals [18] were given.

After these counterexamples, J. Andersen proved that the 5th Betti number of S/I,
depends on the characteristic when n > 7 [2]. She took advantage of the fact that S/I,
is a semigroup ring. She also proved that the 3rd Betti number of S/, is independent
of the characteristic of R for any n.

In this article, we make a representation theoretical approach to the resolution
problem of S/I, for arbitrary t. It seems to be impossible to apply semigroup ring
approach to the case t > 2. Qur interest is mainly concentrated into the lower
syzygies, and we more or less mimic the method used in [13], which was effective to
study the first syzygies of Pfaffian ideals. The basic idea is the use of plethysm formula
in complex version.

As a result, we obtained a first example of S/I, whose 3rd Betti number depends on
characteristic (Theorem 7.1). It is also another example of S/I, without minimal free
resolution over Z. It would be interesting to try to compute the increase of the 3rd
Betti number at the smallest example — 3-minors of 11 x 11 matrix. The 3rd Betti
number of this ring at characteristic zero is 3 100 383.

We also obtained a new proof of Kurano’s first syzygy theorem (Theorem 6.1),
which states that the first syzygy module of I, is generated by degree ¢ + 1 elements.
Note that it follows that % is independent of R.

In Section 1, we review some basic facts from characteristic-free representation
theory. In Section 2, we prove characteristic-free plethysm formula in chain complex
version. This generalizes the characteristic-free plethysm formula of SS,F [17, 4]
and DAG [4] for finite free R-modules F and G. In Section 3, we introduce the
notion of v-Schur complex, which is a free subcomplex of a Schur complex, and is a
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generalization of t-Schur complex in [12, 13]. Using plethysm formula, we prove that
there is a spectral sequence whose E'-term is a homology group of certain v-Schur
complex of the identity map, and converges to [Tor? (S/I,, S/S-)];. Sections 4 and 5 are
devoted to study homology groups of v-Schur complexes of the identity map. The
contents of these sections are {more or less straightforward) generalizations of the theory
of t-Schur complexes. The goal of these sections 1s a vanishing theorem Corollary 5.2.

Utilizing the spectral sequence established in Section 3 and Corollary 5.2, we study
lower syzygies of S/I, in Sections 6 and 7. In Section 6, we give a new proof of
Kurano’s first syzygy theorem, which states that the first syzygy module of I, 1s
generated by degree t + | elements. In Section 7, we give an example of I, whose
second Betti number depends on characteristic.

1. Preliminaries

Throughout this article, R is a commutative ring with 1. The symbol ® means the
tensor product ®g over R. We denote the set of positive integers, non-negative
integers, integers and rational numbers by N, Ny, Z and Q, respectively. For a prime
number p, we denote the prime field of characteristic p by F,. The symbol [F, stands for
the field of rational numbers Q. For a set X, the cardinality of X is denoted by # X.
For a positive integer n, the nth symmetric group is denoted by &,

In this article, a “poset” stands for an ordered set (partially ordered set). For a poset
P and its subset I, we say that I is a poset ideal of P if xe P, yeI and x < y together
imply xel.

Let F be a finite free R-module and i > 0. We denote by S; F (resp. AN F, D;F) the ith
symmetric power (resp. exterior power, divided power) of F. The symmetric algebra
(resp. exterior algebra, divided power algebra) of F is denoted by SF (resp. AF, DF).
For a map of finite free R-modules ¢ : G — F, the ith symmetric power (resp. exterior
power) of ¢ is denoted by S;¢ (resp. A’ ). The symmetric (resp. exterior) algebra of
¢ is denoted by S¢ (resp. A ¢). For a finite free R-complex

0:0->G63 F 2 E-0

of length at most two, we denote the ith symmetric power (resp. the symmetric
algebra) of « by S;a (resp. Su). For these multilinear objects, we refer the reader to
[1,14].

In this paper, these multilinear objects will be considered in the category of
bigraded R-modules G or in the category of graded R-complexes % as in [12-14]. In
particular, the definition of “bialgebras” is slightly different from the usual one (only
by sign, in some sense). See [14, Chapter 1] for details. For an object Ce % and ne Z,
we define C[n] by C[n]; ;= Ci j.+, and 8™ = (— 105, .

The algebras SF, AF, DF, S¢, A¢ and Sx have bialgebra structures. See [14,
Chapter I] for details.
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Let B be an R-algebra. The multiplication map B® B — B is denoted by mj. If there
is no danger of confusion, it is simply denoted by m.

For an R-coalgebra A, we denote the coproduct of A by A, or simply by 4. If A is
a bigraded R-bialgebra, the composite map

A®A Aa®14 A®A®A 14®@m A®A

is denoted by [, or simply by [, and called the box map of A.

A row-sequence is an infinite sequence of non-negative integers, say
A = (A1, 42, A3, ... ), such that A; # O for only finitely many i. If 2; = O for { > r, then we
may write A = (4, 4,, ..., 4,). Addition (or subtraction) of two row-sequences, and
scalar multiple of a row-sequence is defined as those of vectors. We denote the
row-sequence (9;, d;5, ...) by ¢ for i > 1, where d is the Kronecker’s delta. We define
o; =& — &, for i > 1. Note that o; is not a row-sequence. A partition is a weakly
decreasing row-sequence by definition.

For two row-sequences 4 and u, we say that A > u when 4; o y; for i > 1. We say
that A > pwhen Y'5_;4; > Yi_p;fori > 1. We say that 4 > 1 when there exists some
i > 1 such that A; = y; for all j < i and that 4; > p;. It is easy to see that we have

Aou = Azu = Ax>u

Note that the order > is a total order on the set of row-sequences.
A relative row-sequence A/u is a pair of row-sequences (4, ) such that 1 > u. We
may write simply 4 instead of 4/0, where 0 =(0,0, ...) is the zero partition. The

diagram A;,, of 1/u is the subset
{(,7)eN? | <j < A}

of N? by definition. If both A and u are partitions, then A/u is called a skew partition.
The degree of a relative row-sequence 4/u, denoted by |4/u|, is #A;,, by definition.
The length of A/u, denoted by I(4/p) is

max ({0}u{ieN|; > w})

by definition.
Let ¢:G — F be a map of finite free R-modules, and 4/u a relative row-sequence.
We define

Nip®=/N""0@N"0® - ® N-"*g,

where r > I(A/w).

We denote by L, F (resp. L) the Schur module of F (resp. the Schur complex
of @) with respect to A/u. For t > 0, the t-Schur complex of ¢ with respect to 4/u is
denoted by L, ;,¢. For the results, notation and terminology related to these objects
(such as standardness of tableaux, standard basis theorem) and other related (un-
explained) notation and terminology, we refer the reader to [1, 14, 12].
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However, we use one different notation. The complex A, ; 2, @ in [12] is denoted
simply by A, 1, @ in this paper, and Ay 3, ¢ =3, Av.i. 0 @ 1n [12] will never be used
in this paper. This notation is the same as that in [13].

Let ¥:G' — F' be a map of finite free R-modules, too. In [14, Chapter III],
a coalgebra homomorphism

00, ¥): N ® \ ¥ - S(e ® W)
is defined. The map 6 is uniquely determined by the property:

The map 6(¢p, ¥} depends only on F, G, F' and G', and is a universal
natural transformation on F, G, F' and G'. It is a homomorphism of
coalgebrasin €, and 0| ai,gnty: N ORAY = 0 @Y - 0 @Y = S1(p®Y)
is the identify. (1.1

We call 8 the generalized determinant map.
We recall that the restriction of 8 to A' F ® N G is zero when i # j, and it is given by

Ofi A Afi®gy A Ag)= (=1 det(,®@gp)1 <ap<i (1.2)

forfy,...,fieFand ¢g,...,9;,€G, when i =j.

2. Generalized plethysm formula

In this section, we prove a generalization of the plethysm formula of SS,F for
a finite free R-module F [17] to the chain complex version. The generalized version is
also a generalization of the plethysm formula of DA?F [4]. The proof is similar to that
of the generalized plethysm for pfaffians [13].

Let ¢ : G — F be a map of finite free R-modules. Then, the complex S,¢ is of length
(at most) two, and is of the form

0—»/\2G—+F®G—+SZF—>0.
So we obtain the symmetric algebra SS,¢ of S,¢. We denote the composite map

Noe® N 02 S0 ® )22 5(S,0)

by 0, where m: @ ® @ — S,¢ is the multiplication map (note that S(?) is a functor).
Since 6 and Sm are coalgebra maps, so is 6. The restriction of § to A\ @ ® A @ is
denoted by 4,.

Lemma 2.1. Let O < k < r. Then, we have the composite map

r vk —k)

O n =
N o@ N o= No®/No % S(S:0)

is zero, where 355" ™" is the box map (see [12, Definition 1.1.2] for definition).
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Proof. As the maps in consideration are universal (i.e., compatible with the base
change) and defined over an integral domain of characteristic zero, we may assume
that S(S,¢) is cogenerated by S.¢ (see [13, Section 2]).

First, we have that two coalgebra maps

Ne® Ao, S(S:0)
and
0:Ne®/No 2, No®A 0L, 5(S;:0)

agree, where [] =(1®m)o(A® 1) is the box map. To verify this, we only have to
check it at the degree 2 component (with respect to the naive grading) since S(S,) is
cogenerated by its degree 2 component S,¢. In fact, the two maps are zero on
No @A ¢ and on A°9® A, while they are the multiplication of S¢ over
Ne® A ¢ = ¢ ® ¢. As the map in the lemma is an appropriate component of the
zero map §' — 0, the assertion follows. [J

Using a similar argument, we also have

Lemma 2.2. The composite map
Noe®No L, No®N o L, S(S:0)

agree with 0, where T is an appropriate twisting (for definition, see [14, p. 6]).

Let A = (44, ...,4,) be a row-sequence (i.e., a sequence of non-negative integers).
Then, we denote the row-sequence

) " )
('11: '117 '125 A2y een s Ap A'l)

(obtained by repeating each term of A twice) by A,
For a row-sequence 4, we denote the restriction of the composite map

(/\co®/\¢)® ®</\¢®/\<p)M S(520)® -+ ®S(S29)_", 5(S,9)

on

/\;(0 =/\n(p®/\h(p® ®/\lz(p®/\llw
by ..

Definition 2.3. Let r > 0. For a partition J of degree r, we define

M@= Y Imf, and M@= Y Imé,

u= A, ul=r u> i, jul=r

Lemma 24. M., (0) = S,(S,¢).
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Proof. (By induction on r). The assertion is obviously true when r < 1. Consider the
case r > 2. As 5(S,0) = S(S,F)® \(F® G)® D(/\?G) and the algebras S(S,¢) and
A(F ® G) are generated by their degree one components, we may assume that F =0
by induction assumption.

Thus, what we want to prove is My (6) = D, (A’ G) when F = 0. But we know that
M () = D,(G®G) (see [ 14, Lemma I11.2.5]), where

M;®:= ) Im§,

wz A pl=r

for a partition 4 of degree r. As m:G®G — A2 G is a split epimorphism, so is
D,m:D,(G® G) - D,(/\? G), and the assertion follows. []

Lemma 2.5. Let r > 0. Then, we have

rankz(S,(S,¢)) = ; rankg L3¢
where the sum is taken over all partitions of degree r.
Proof. Similar to [13, Lemma 3.8], and we omit it. [J

Theorem 2.6. Let r > 0 and A be a partition of degree r. Then, there exists a unique
isomorphism

ya:Lip — M).(G—)/MA(H_)

such that the diagram

L;o —ﬁ-*M;.( )/Mz(g)

is commutative. So S,(S,) is isomorphic to Q—)M:,L;(p up to filtration.

Proof. To see that vy, is induced, it suffices to show that the image of the composite
map

[l; 8, —
Nu®— N\z1¢— M, ()

is contained in M ,(6) for any ue S5(4) (see [12, p. 462]). We may write u = 4 + ko,
(k,1>0).

When [ is odd, then we may assume that [ = 1, and this case is reduced to Lemma
2.1. When [ is even, then we may assume that [ =2, and A = (4,, 4;). Then, the
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composite map

Nue = /\“<D®/\““‘<P®/\“"‘<D®/\“<DE>/\zq’—e_‘—> S(S29)

agrees with the composite map

/\u‘p = /\M‘P®/\h+k(ﬂ®/\h-kﬁ0®/\h@M’/\l(ﬂ(@/\ukalCD

180, A 0@ N\io-2 S(e® )2 S(S29),

by Lemma 2.2. By [14, Proposition II1.2.6], its image is contained in M;(@), as
desired. [J

3. v-Schur complex and determinantal ideal

As in the previous section, ¢:G — F is a map of finite free R-modules. For
r > k > 0, we denote the truncated subcomplex

0—»/\kF®Dr_kG_’/\k+1F®Dr_k_lG_’ e r_1F®G—’/\'F—>0
of N by Ab"e. For row-sequences u = y A, we define

/\y,l/“q) = /\vlﬂu,h—m q)®/\vz—;lz,12—u2@®/\y3*u3.13—u3@®
so that A 1@ in [13]38 Apveer, 2 @

Definition 3.1. Let //u be a relative row-sequence, and v a row-sequence. We denote
the subcomplex

> Araw® S Na @
Y

bY Asv, yx @, where the sum is taken over row-sequences y such that 4 =y < 4 and
that y > v. Assume moreover that A/u is a skew-partition. We call the complex
;1 (Asv, i @) the v-Schur complex of ¢ with respect to the skew partition 4/u, and
denote it by L, ;,, 0.

By definition, L, 3, @ =0 unless v<A. Note that the t-Schur complex L, ;. ¢
[12,13] is nothing but L, .., s, 9. We fix bases X = {x; < --- <Xx,} of F and
Y ={y, > -+ > y,} of G, respectively. We let X < Y so that Z := XUY is a totally
ordered set. For a relative row-sequence (resp. skew partition) A/u, we denote the set of
row-standard (resp. standard) tableaux mod Y of shape A/u with values in Z by
Row,,(Z, Y) (resp. Sty,(Z,Y)) (see [14, Section 1.3]). For SeRow,,(Z,Y) and
a poset ideal I of Z, there exists a unique row-sequence y such that u = y < 4 and that
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S™H(I) = A, We denote this y by 7(S, I). For two tableaux S, $'e Row(Z, Y), it holds
S < § if and only if y(S, I) = (S, I) for any poset ideal I of Z (see [12, p. 461]).
For a relative row-sequence A/u and a row-sequence v S yu, we set

Rowy, ;,u(Z, Y) = {SeRow,,(Z, Y)| (S, X) = v}.

Note that Se Row,,,(Z, Y)is contained in A, ;, ¢ if and only if Se Rows., ;,(Z, Y).
It is easy to see that Rows, ;,,(Z, Y) is a free basis of Ax,, 1, ¢

Lemma 3.2. Let A/u be a skew partition, and v a row-sequence. The set
Stv’i/u(z, Y) = ROWZ\,’X/“(Z, Y)F\Stl/u(z, Y)

is a free basis of the v-Schur complex L, ;,, ¢. In particular, L, ;;, @ agrees with the sum
Y., daju( Ay, 10 @) with sum taken only over all partitions such that p <y < 4 and that
7>

Proof. The first assertion immediately follows from [12, Lemma 1.1.1], as the subset
Rows, ;,(Z, Y)is a poset ideal of Row,,(Z, Y). For any element S in St, ;,(Z, Y),
7(S, X) is a partition. The second assertion follows from this. [J

Lemma 3.3. Let A/u and v be as above. Then, one of the following hold.

1. vXA. In this case, we have L, ,;, ¢ = 0 for any ¢.

2. There exists a unique partition p such that y = p < A and that it holds y > v if and
only if y>p for any partition y such that p <y < A In this case, we have
Loue=L, .0 for any ¢.

Proof. If there are i and j such that i <j, u; > v; and y; < v;, then we take such a pair

(i, j) such that j — i is small as possible. Then we may replace vby v' = v + ¢; — ¢;in the

sense for any row-sequence y o y, y > v if and only if 7y > v'. This replacement step

cannot be continued infinitely, so we may assume that there is no such a pair (i, j).
Thus, there exists some r > 0 such that

(,u'1» ---’,u'r)c(vl’ ,V,.)

and that

(,ur+l’ Het 25 ) = (vr+1a Vet 2s o-- )

Then we may replace v by (vy, ..., Vy, e+ 1, lhr+ 2, --- ) iD the sense above, and we may
assume that v o pu.

If there is i and j such that i < j, 4; > v; and 4; < v;, then we take such a pair (i, j)
such that j — i is as small as possible. Then we may replace v by v = v + ¢; — ¢; in the
sense for any row-sequence y < 4 it holds y > v if and only if y > v'. Note that the
condition v o yu is preserved by this replacement.
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This replacement cannot be continued infinitely, so we may assume that there exists
some r > 0 such that

Aty s A e (ve, oy v)

and that
(ir+la ir+2a ve ) > (vr+ls Vit oon )

Now if v <£ 4, then the condition 1 holds. So we may assume v <£A. By the condition
above, then it holds that y c v < 4.

If there exists some i such that v; < v;, ;, then we take the minimum i among such,
and replace v by v/ = v + a; in the sense for any partition y, y > v if and only if y > v".
Note that the condition ¢ = v < 1 is not violated with this replacement. This replace-
ment step cannot be continued infinitely, and we may assume that there is no such an
i, namely, v is a partition. Now p = v is the desired partition. The uniqueness is
trivial. [J

By the lemma above, the assumption v is a partition such that g < v < 4 is not
a serious restriction when we consider L, ;,, ¢. For a skew partition 4/u and a row-
sequence v with v < 4, we denote the partition p in the lemma by p (4/y, v).

We set S = S(S,F). Then, the complex S(S,0)=S®AF®G)®D(N*G) is
a graded S-free complex with letting S, (S,¢) of degree r. Let I, be the determinantal
ideal (of S) generated by all r-minors of the generic symmetric matrix (X; X X;); <y, j < m
where x is the multiplication in SF (so that each x; x x; belongs to S,E < S(S,E)).
In other words, I, is the ideal of S generated by (A ,F). The complex
Ft= I p) = I,®s5(S,p) is an S-graded subcomplex of S(S,¢) in a natural way,
whose degree r component is denoted by .#%"(p) or #*".

We are mainly interested in the case G = F and ¢ = idp.

We define a chain map =n: S,idr — ids,F as follows:

S,(idp) 0 — A2F-2F@ F—5 S,F — 0

of b

idg,pt 0 —— 0 — S,F —1 S, F—0

Lemma 3.4. The map
1®S7[j'(ldp) = I,@sS(SZ ldp) - 1,@3 S(idszp)

is a quasi-isomorphism of GL(F)-equivariant graded S-complex.
Proof. Similar to the proof of [13, Lemma 7.1], and is left to the reader. []

By the lemma, we have an isomorphism

H(#"%(idp)) = [TorS ((S/1,, S/S+)]; (3.1)
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for i,j > 0, since S(ids,r) is nothing but the Koszul complex K, (x; x x;; S), which is
a free resolution of §/S, = R. Here S. = (x;xx;|1 <i,j <m) S, and [ ]; denotes the
degree j component of a graded S-module.

Now we return to the case of general ¢:G — F.

Definition 3.5. Let r > 0 and ¢ > 1. For a partition A of degree r, we define

M 0= 3 gﬁ(/\zﬂuM.MP)

uza,lul=r

and

M:.;(g) = Z gﬁ (/\Zv(t,u)‘[t(P)y
u>A pl=r

where v(t, 1) is the smallest two-rowed partition of degree iy + t (in other words, the

partition (uy + t — [(4y + 1)/2], [(us + 1)/2])).

It is clear that M, ;(f) = M, ;(0). By [14, Lemma IV.1.7], we have M, ; = .#"" for
any 4. By definition, #"" is the image of multiplication map J*'®S,_(S.¢) —
S/(S,0). It is easy to see that £ = I, , = M, (), where I, , is the degree t component
of I,. Hence, we have M, , 1~ = #"" so that

tr __
I =M, 19D 0 DM 20

1s a filtration of .#*".

Lemma 3.6. Let p = (uyg, uy), v = (vy, v3) and 1 = (44, A,) be two-rowed partitions such
that u < v < A If vi > 4,, then we have

Im Dl/um/\Zv,l/uq)= Z Dl/u(/\zv—u+ka1,l—u+ka1q’)‘

k>p—p2

Proof. We set t =v; — u;. By [13, Lemma 7.4], we have

Im Dl/um/\t,/l/p(ﬂ = Z Dl/#(/\t+k.).—u+k.a1 (P)'

k>py—ps
Truncating the complexes of both-hand sides at degree |v/u|, we obtain the desired
equality. [
Lemma 3.7. If |A| < 2t, then we have
Mt,l(g) = Ml(g)th,).(g)-
In particular, we have an isomorphism

Yea Ly @ — M:,x(g)/Mz,x(g)
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which makes the following diagram commutative:

8,
/\zv(r,i),i@ — M,

| l
yr./l y
Lv(t,l),;lqo ’Mt,L/Mt,A

In particular, if r < 2t, then #"" is isomorphic to (—B,;_,:, Ly, 2,39 up to filtration.

Proof. Note that y,:L;p — M,;/M, (see Theorem 2.6) maps

Lo nio= di(/\zv(r, .4 ®)

isomorphically onto
(0_,1 (/\gv(t,,a),j(l)) + MA)/MA = (Mt,,l + MA)/M).

If M,' =M aNM, ;, then we define y, ; to be the composite isomorphism
Lv(z,i).;‘.(ﬂi’(Mt,A + M).)/M). = Mt,l/(M).th,).) = Mt,)./MtJ.a

and the rest of the assertions follow.
So it suffices to prove M, ; = M;nM, ;. The direction < is clear. We prove the
direction o . By Theorem 2.6, it suffices to prove

9, (Ker d;m/\b(m‘; <p> M,

By [13, Lemma 7.5], the left-hand side is equal to fo”l E(i), where

E() =0, << > Im D%+kai>msz(t,1),i¢>-
k>0
What we want to prove is that E(j) = M, ; for i > 1. By Lemma 2.1, E(i) = 0 for
i odd. So we may assume that i is even. Clearly, we may assume that 4; > t. In this
case, we have A; > A, + A3 + ---. So the case i > 4 is almost trivial. So we consider
the case i = 2, and in this case, we may assume that /(1) = 2. Note that we have 4, < t.
By [13, Lemma 7.4], we have

E(2) < Z Z Sm <0/1 (/\yl,l(p®Dl</\yz+k,}.+ka1 (P>)>a (3.2)

v(t, A)<yc (A1, 41) k>0

where Sm:S(p®¢)— S(S,¢) is the map induced by the multiplication
m:p® ¢ — S,p. By [14, Proposition I11.2.6], we have

0, </\y1,x<l7® DA(/\yz +k, A+kay <P>> < 02</\n;i+kzz; P& /\yz+k,).+kzz1 <P>- (3.3)
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For any 7 such that v(t, ) <y < (4, 4;) and k>0, we have y; + (72 + k) =
t+ (4, + k).Sowehave(yy, v, + k) = v(t, 4 + kag)or (ya + k, 1) = v(t, A + ko). This
shows that

Sm<01 </\y1,l+kal ¢®/\yz+k,l+kal @)) c 9—</\zv(1,i+ka;), A+kay §0> < M:.z,

and we have E(2) < M, , by (3.2) and 3.3). (J

4. Homology of v-Schur complexes

Let ¢:G— F and Z = XUY be as in the previous section. In this section, we
assume that m, n > 1, ¢(y,) = xq, and that ¢(G,) < F,, where F, (resp. G,} is the
R-span of X; = {x,,...,xn} (tesp. Yy ={ya, ..., ¥ya}) Thus, ¢ =idg® ¢, where
¢1:G, — Fy is the restriction of ¢ to G;.

Definition 4.1. Let s, ], s’ and I be non-negative integers, A/u a relative row-sequence,
and v a row-sequence. We define

By (Mu) = {SeRoWs, 1u(Z, Y)Ivn(S, {x1 y1}) = S, v, (S, {p1}) = 0}
and

By () = {SeBY (ml v, .y (S {x1}) = 5},
where

Vi (S, W)= #{(i,j)edy,licl, S(i,j)e W}

foraset U,I = N, SeTab,,(U),and W < U. We define X' (A/w) (resp. X5 (4/p))
to be the R-span of BS'(/u) (resp. B "' (4/n)) in As, 0. When 4 and p are
partitions, then the image d,, (X$'(A/w) (resp. dy, (X3"""(4/w)) is denoted by
X3 (A (resp. X 3051 (/).

Note that BS'(1/u) = B>"%" so that X3! (4/u) = X&"%V(A4/w) for any s, I and /.

It is easy to see that X3"""(1/w) is a free subcomplex of Ax, 1/, @.

Note also that X5"*"'(i/u) and XS*"Y(4/u) are natural generalization of
X541 (A/u) and X &5V (A/u) [13, Section 2], respectively. The following lemmas are
natural extensions of the results in [12, subsection 2.2] or [13, Section 4]. Almost all
proofs are omitted, as they are obvious generalizations.

Lemma 4.2. Let s, [, s and I' be non-negative integers, A/u be a skew partition, and
v a row-sequence. Then we have:

LL g =Pss0 X500
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2. For each s, s' and I', we have a filtration
X0 A > X3V ) o e 2 X3S (370 5 0,

3. Foranys, I, s and I, X34V (2/u) is a free subcomplex of L, ;,, ¢ with a free basis
BN () = dayy (St (Z, Y )0 BYHY (A1),

I0’s underlying module is universally free on F, and G|.

Lemma 4.3. Let s, I, s, ', vand A/u be as above. Then we have
LIfs=0, Asy = Aoz 0F Ly = sy, then X350 (Af) = X300 (/)
2. Ifs>0, 441 > Ayyo and Ajy > 44, then we have the exact sequence

0 X311 Gy L X305 ()5 X3 (= ey ) [— 1] 0,

where 1 is the inclusion map, and v is the map induced by the map
52 ) X ) — X3 (= g ) i) [~ 1]
given by

(= D7t 0SS SC+ 1, Arer) = )
0 (otherwise)

oy (A/m)(S) = {

for Se BV (A/u) (the sign choice in the definition of v®' in [12, p. 469] is
erroneous). [

We denote X595V (3/u) by X5 (1/p).
For a skew partition A/u, we set

Tg(A/w) = {y:partition |u <y < 4, y/u: a vertical s-strip},

and
;
st (e = {7 el (/1/#)‘ X hi—pwz S'}-

For y, y'eI'i(A/u), we say that y > ¢ ¢ when
1. yel3"" (A/w) and y'¢rs " (4/p) or
2. Condition 1 does not hold, and y > 7".
The relation > ;- is a total order, and is compatible with the order >=. Hence, when

we set M3>!'(y)) =Y, ., ImE,, we have
X5 V(A ) = MY (yo),

where y, is the smallest element of I'S"" (1/u), and
Ey’ : /\y'/u R ® /\v,i/y' (pl i Xf, OO’s’.ll()"/.u)

is as in [12, p. 470, 13, Section 4].
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Lemma 4.4. {M3"" ()},erenam is a filtration of X 5" (/) whose associated graded
object is

P LuROL.,oe.

vel'S ' Gw)

Lemma 4.5. Let A/u be a skew-partition with | = l(4/u) > 2. Assume that i, — pu; = 1,
and s’ = fi;,. Then, for any s > 0 and a partition v such that it < v < 4 and that v; = y,
the inclusion map

X.:.l— 1.s’,s+s’—l+l(i/u)c_> Xi’l—l(/:v/ﬂ)

is a quasi-isomorphism.

Proof. As in the proof of Lemma 4.3 of [ 13], the cokernel of the inclusion map agrees
with the exact complex L, idg®@ X§7¥ 75 55*s 7 (3 /5) where

}':(H17"'7u3’3#$,+1+15"‘9ul+1)' D

5. A vanishing theorem

In this section, we prove a vanishing theorem of the v-Schur complex of the identity
map. The theorem is a natural modification of [ 13, Theorem 4.4], but not a generaliz-
ation. The idea of the proof of the theorem is the same as that of [13, Theorem 4.4],
but we give a proof here for completeness.

In this section we consider idz: F' — F, where F and F' are free R-modules of rank
n with ordered bases X = {x, < - <x,} and X' = {x} > -+ > x,}, respectively,
and the map idy is given by idg(x}) = x; for 1 <i < n. We assume that n > 1 unless
otherwise specified. With letting G=F, Y=X, X,={x,,..,x,) and
Y, = {x5,...,x,}, we use the notation and terminology defined in the previous
section for ¢ to our idy freely. In particular, we consider X < X’ when we consider
standardness of tableaux. We denote the R-spans of X; and Y; by F; and Fi,
respectively. The restriction of idp on F{ is denoted by idp, .

Let A/u be a skew partition, and v a row-sequence such that v < 1. We set
p = p(A/u,v), and we define a(A/y, v) =1(A/p) — lp/p) — 1. When v %4, we define
a(2/u, v) = cc, as a convention.

Theorem 5.1. Let i/u be a skew partition, and v a row-sequence, and i, s, | > 0 with
| < I(i/p). Then, we have H, (XS (A/u)) =0 for i < a(i/u,v). In particular, we have
H; (L, ;,idp) = 0 for i < a(i/u,v).

Proof (Double induction on n = rank F and |A/u|). Note that the first assertion in the
theorem does not make sense when n = 0, but the second statement does, and it is
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obviously true (we use this in the induction argument when n = 1). We may assume
that v <4 and v = p(4/g, v). Thus, v is a partition such that p < v < . We may
assume that s > 0, by induction assumption on n. We proceed by reverse induction on
L. First, note that we may assume that v;;,,) = i, Or equivalently, a(4/p, v) > 0.

Case a. First, consider the case [ = [(4/u) — 1. Note that we have v < A — ¢, . By
Lemma 4.3, we have an exact sequence

0 X3 (4w~ X3 (W)~ X3 (A = e )/ — 11 -0. (5.1)

We consider the case A;+, — y;+; = 2. In this case, we have a((4 — &g )/u, v) =
a(A/u,v). So, H(XS VYA —&4)/w)[—11=0 for i <a(4/u,v)+1 by induction
assumption. On the other hand by Lemma 4.4, X3 * (4/u) admits a filtration whose
associated graded object is (Pyel,(yw L, 3, idg. Since we have a(4/u, v) < a(4/y, v) for
each gamma, we have H;( X3 * (1/u)) = Ofori < a(4/u, v) by induction assumption. By
the exact sequence (5.1), we have H (X35! (4/u) = 0 for i < a(4/u, v), as desired.

Now we consider the case 4,47 — yy+; < 1. In this case, we have 4;, | — i+ = 1,
since [ + 1 = I(4/u). Assume that y; > 4,.,. Then {(/ + 1, 4,.)} is one of the connec-
ted components of A;,, (see [12, p. 471]), and in this case, we have

X3/ = idp, ® X7 (A — 4 )/W@Didr @ X371 (4 — &141)/1).

Hence, H;( X' (4/w) = 0 for any i > 0 this case. So we may assume that y, = y;., ;. By
Lemma 4.5, X$'(4/u) is quasi-isomorphic to X$"¥%(4/u), where s’ = fi,, and
a=s+s — I By Lemma 4.3, we have an exact sequence

0 X3 (W - Xy Uy = X370 — e )/ [ 1150 (5.2)

For any yel$*(4/u), we have I(ify)=1+1, as (| + 1, 4;+,)€4;, By induction
assumption and Lemma 4.4 we have H,(X$**"?(4/w) = 0for i < a(4/u, v). Moreover,
we have [((A — 41)/y) =l for any yeI'S"% (2 — &+ 1)/1), as (I, L1+ 1) € Ai— ;. - This
shows that H;(X$ %A — g4 )/w)[— 1] =0 for i <a(i/u,v). By the exact
sequence (5.2), we have H;(X$"*"*(i/u)) = 0 for i < a(’/u, v), as desired.

Case b. Now we consider the case | < [(4/u) — 1. We may assume that 4;,; >
A2, Wi+1 by Lemma 4.3. By the same lemma, we have an exact sequence

0 X3 (AW - XV (W - X3 (A — e )/ [— 11 - 0.

So, by induction assumption on I, it suffices to show that H; (X5 " (A — &-1)/
wl— 1]y =0 for i < a(A/p, v). By induction assumption on |A/ul, it suffices to show
that a((A — &+1)/i, v) = a(A/p, v) — 1. But this is trivial, as (A — &+1)/p) = I(A/1)
and 1(p((A — &+ 1)/, v)/u) < l(v/p), unless v £4 — ¢, ,. This completes the proof of
the theorem. []

Corollary 5.2. Let A be a partition of length I, and t = 1. Then, we have
H,'(Lv(t_;_),,{idf) = OfOT i< 21— 3.
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6. The first syzygy

As a first application of Corollary 5.2, we give a new proof of Kurano’s first syzygy
theorem.

Let idp: F' - F be as in the previous section. As in Section 3, S denotes the
polynomial ring S(S,F) = R[x; X x;]1 <, <; <. and I, denotes the ideal of § generated
by all -minors of the symmetric matrix (x; x x;).

Theorem 6.1 (Kurano [17, Corollary 5.57). Tor3(S/1,, §/S ) is concentrated in degree
t + 1. Or, equivalently, the relation module of I, is generated by degree t + 1 elements.

Proof. It suffices to prove that T; = [Tor3(S/I,, $/S+)]; = 0 for j # ¢ + 1. Note that
T; is the homology group H,(#"/) of the R-free complex .# "I by (3.1). As Ho(F£") is
R-free for any j, we may assume that R is the ring of integers Z by universal coefficient
theorem. Again by universal coefficient theorem, we may and shall assume that R is
a field. It is clear that T; = 0 for j <, as I, is generated by degree t-elements.

As I, 1s minimally generated by a Grobner basis of I, with respect to an appropriate
monomial order [6], we have T; = 0 for j > 2t by Buchberger’s theorem (see, e.g.,
[57]).

Thus, we may assume that t + 2 <j < 2¢. In this case, by Lemma 3.7, there is
a spectral sequence converging to [Tor3(S/I,S/S.)], whose E'-term is
H, (L, 4 ;idp) for various 4 with |A| =j. Thus, to prove that T; =0, it suffices to
prove that H (L, »,;idg) = 0 for all partitions 4 with |4| = j. If I(4) > 2, then this
follows immediately from Corollary 5.2. If 2 = (j), then the complex L, ;. ;idr is
obtained by truncating the homotopically trivial complex L;idr at degree j —t.
Hence, we have H;(L,(.5.;idp) =Ofori<j—t. [

7. The second syzygy

In this section, the base ring R is assumed to be a field of characteristic p, unless
otherwise specified. Let idg: F' > F, X = {x; < -+ < x,} and X' ={x| > -+ > x;}
be as in Section 5. § = S(S,F) = R[x; X Xj]; <i<j<n and I, are as in the previous
section. We set the ith graded Betti number at degree j dimg [Tor{(S/1,, S/S . )]; of S/I,
by Bf. The ith Betti number ¥ ; 8% is denoted by Bf. The purpose of this section is to
prove

Theorem 7.1. If p=3,n> 11, and t = 3, then we have p5 ¢ > 0.

Proof. Thanks to the isomorphism (3.1), it suffices to show that H,(.#3:%(idy)) # 0
when n = rank F > 11. Let us consider the filtration {M; ;};-¢ of #>®(idg). By
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Lemma 3.7, the filtration induces a spectral sequence converging to H, (¥ > °(idp))
whose E! term is of the form

H, (M3 /M3 ;) = Hy(Ly 3, 2.71dp).

The E*-term H,(L 3, 3), (3, 3.3,3)idF), which corresponds to the partition 4 = (3, 3) is
isomorphic to the E*-term. We check this. The E'-term H;(L, ;) ;idg) = 0 for any
partition y such that y > A and that |A| = 6. This is a consequence of Corollary 5.2
when I(y) = 2. When y = (6), then this is also clear, because we obtain L 3) (6,6 1dr
with truncating the homotopically trivial complex L, ¢ idr at degree 6 (so that
Hi(L3,3), 6,6)1dF) = 0 for i < 6). On the other hand, E'- term H3(L,,,.;1dg) = 0 for
any partition y such that y < A and |A| = 6. In fact, such a gamma has the length at
least three, and we can invoke Corollary 5.2 again. Thus, the E!-term
Hy(L, 3, (3.3,3, 3y1dF) agrees with E®-term by a formal spectral sequence argument,
using the facts above.

Hence, it suffices to show that H,(Ls,3) (3.3.3,3idr) #0. The complex
L.3), 3.3.3, 3 1dr is a complex of GL(F)-modules, and it decomposes into the direc
sum

@ [L@.3),3.3.3, 31dF],»
peNZ

where [ ], denotes the weight p-component (with respect to the basis X =

{X15 .0, Xn}).
So it suffices to show that H,(C) # 0, where C is the weight (2, 1!°)-component

[L(3, 3),(3,3,3,3) idF](Z, 110)

of La.3) 3.3.33idr. We denote the weight (2,1'%) by w. We set C=
[/\2(3’3)‘(3.3,3‘ 3) idp]w SO that C = d(3!3q3’ 3) (6) WC denOte the Set

{SeROW(3.3).3,3,3, 3 (X VX', X)) | w(S) = 0, w (S, X') = r}
by B,, where

w(S) = (W1(S), w2(S), ..., wa(5))
is the vector given by w;(S) = vy (S, {x;, x;}). We also set

B, = B,nSt3.3.3. 3 (XUX', X').

The set B, (resp. B,) is a basis of C, (resp. C,).
We define a linear form #: C, — R as follows. For an element Se B,, we define:
1 If vy 00 (S, {x,}) < 2, then &(S) = 0.
2. If v;5,(S, X') = 2, then }i(S) =0,
3. If vy (S, X') = 2, then h(S) = 0.
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4. If none of the above holds, then S is of the form

1 a(2) a(3)
. 1 o4) a(5)

a6) o(7) |a(8)

a(9) o(10) [a(11)

for some (unique) ceAut{2,...,11} >~ S,,, where in the expression of S, the

number i denotes x;, and framed [i] denotes x;. We define A(S) = (— 1)°e R.

The linear form & which satisfies 1-4 above exists uniquely.

We show that & induces the linear form h: C, — R. By Lemma 3.5 and [13, Lemma
7.5], the kernel of the map d(3‘3,3,3):62 - C, agrees with ¥;_, 2;=1 E;;, where

_ el :
Ej;j=06G49.5 (/\(p(i.jn,p(i,j)z),p(i,n ldr>

w

fori,j = 1,2, 3, here p(i, j) denotes the row-sequence (3, 3, 3, 3) + jo;. Let
Te U ROW>- (56,31, pti. 920, i ) (X VX, X7)
boJ

be of weight @ (i.e, v (T, {x; xi}) = w;). The image of T by the box map can be
expressed as

Oi.3.3.5(T)= Y cwSmlcy= 11, S,eRoW;3 33 3 (XUX', X))
m=1
If there is some m such that A(S,,) # 0, then by definition of 2, T must be one of the
following:

I a2 o3 o4 1 a(2) a(3) a(4) a(5)

1 o5 1
Tl.l(o)z T1,2(0)=

o(6)a(7) |o(8) o(6) o(7) |o(8)

g(9) 6(10)| o(11) a® o(10) jo(11)

1 62y a(3) 1 o(2) o(3)

1 64 o(5) o(6) 1 ady a5 a(6) a(7)
TZ'I(U)-JU)@ T, (0= @)

a(9) ¢(10) |o(11) s(9) ¢(10)

1 a2) o3 1 a(2) o(3)

o@ a5 1 o) o(5)

1

o _

29060 6 o®) B0 o o o
a(10)
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1 a(2) a(3)
1 a(2) a(3)
1 o@) a5
U3.2(0)=a(6) o) o® [+0) o(10) Uss{a)=1 0(4) o(5)
o(11) a(6) o(7) ¢(8) ¢(9) |e(10) a(11) |,
where g€ Aut{2, ..., 11}. As the characteristic of R is three, a straightforward compu-

tation will show that the tableaux above are mapped to zero by ho [J@,3.3,3) Thus,
k induces h:C, » R.

Next, we show that h induces a map H,(C) — R. As H,(C) = Z,(C)/B,(C), where
Z,(C) = Ker dnC, and B,(C) = Im 6nC,, it suffices to show that ho 0 vanishes on
C,. To verify this, we take a tableaux T e B,, and prove A(6T ) = 0. By definition of
h (the condition 3), we may assume that vy (T, X') = 2. If vy(T, {x1}) = 0, then 0T is
a linear combination of tableaux S, such that v (S, {x;}) <1, and it is clear that
h(@T) = 0. So we may assume that vy (T, {x;}) > 1. First we consider the case vy (T,
{x1}) = 2. Then, as T is standard of weight w, T looks like

1 a(2) a(3) 1 a(2) a(3)
1 ad) a5 1 ad) (5
= or T=
a6) a(7) |a(8 a(6) o(7) a(8)
69 |a(10) a(11) ra(9) a(10) 0(11)—|

for some aeAu~t {2,,...,11}. A straightforward computation will show that this is
annihilated by hod.
Next, consider the case vy(T, {x,}) = 1. Then, T is of the form
1 a(2) o(3)
a4 a5 (6
T o®) [60) |
a(10) |o(1l) 1

for some o€ Aut{2, ..., 11}. Again by a straightforward computation (using that the
characteristic is three), we see that 2(6( T)) = 0 in R. So h induces i: H,(C) - R.
To prove that H,(C) # 0, it suffices to show that h # 0. We consider the element

12 3
1 4 5
A=0 ECZ.
6 7 8
9 10 |11

It is obvious that A€ Z,(C). On the other hand, a straightforward computation will
show that h(4) = 1. Hence, we have h(4) # 0, where A denotes the class of 4 in
H»(C). O
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Remark 7.2. It is known that % ; = O unless j = ¢ + 2 [16]. Hence, by the theorem,
we have f%¢ > % = 0 when t = 3 and n > 11. So the third Betti number 5 of §/I,
depends on characteristic of the base field in this case.

Corollary 7.3 (cf. Andersen [ 2, Corollary 5.4.2]). Let us consider the base ring R = 7,
the ring of integers. If n > 11, then there is no minimal free resolution of S/15, where we
say that a finite free S-complex [ is minimal when the boundary maps of F ® S/S . are
zero maps.

Proof. The existence of such an F would imply that the all Betti numbers of S/I, were
independent of the field, because k®;F would be the minimal free resolution of
k®;zS/I, for any filed k. [
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